INTRODUCTION

Ž .
ϱ Ž . n Denote by A A the class of normalized functions f z s z q Ý a f z , ns2 n Ä < < 4 regular in the unit disk E s z : z -1 . Consider also its subclasses S, ST, CV, consisting of the univalent, starlike, and convex functions, respec-Ž . tively. It is well known that for any f g ST not only f E but the images of all circles centered at 0 and lying in E are starlike with respect to 0. B. Pinchuk posed a question whether this property is still valid for circles w x centered at other points of E. A. W. Goodman 1 gave a negative answer to this question and introduced the class UST of uniformly starlike functions f g ST such that for any circular arc ␥ lying in E and having Ž . Ž . the center at g E the image f ␥ is starlike with respect to f . A necessary and sufficient condition for f g A A to be uniformly starlike takes the form Re z y f Ј z r f z y f ) 0, ᭙z, g E. 1
Ž . Ž . Ž . Ž . Ž . Ž .
In a similar way, the class UCV of uniformly convex functions is defined to include the functions f g S such that any circular arc ␥ lying in E with w x the center g E is carried by f into a convex arc. A. W. Goodman 2 stated the criterion 
w x In the survey 3 it is observed that the study of the properties of UST is Ž . impeded by the absence of a simpler counterpart of the condition 1 . In the present paper we deduce criteria for f to lie in UST or UCV stated in Ž w x. terms of dual sets see 4 .
Ž . For any f, g g A A define its convolution or Hadamard product as
Ý n n n s 2 w x We follow 4 to introduce for any set V ; A A its dual set
We show that both classes UST and UCV are dual sets for certain families of functions from A A. In particular, these results can be used to obtain sharp forms of sufficient conditions for f to be uniformly convex or starlike.
UNIFORMLY CONVEX FUNCTIONS
Proof. The condition 3 is equivalent to the fact that the values of Ž . Ž . w s u q i¨s 1 q zf Љ z rf Ј z , ᭙ z g E, lie in the domain bounded by the parabola¨2 q 1 s 2 u. Clearly, it can be written as
Ž . Ž . Ž .
Hence, by the definition of the dual set, the first assertion of the theorem follows.
Ž . Ž
where B t s t n t y4nt q 4 n q 4 t y 4 , t s ␣ q 1 G 1. Then the Ž . function B t decreases for 1 F t F 2 n q 2 and increases for 2 n q 2
Thus we have the t ªϱ required estimate which is attained at ␣ s 0 for all n G 2 simultaneously.
. Obviously, for c ) 1rn 2 n y 1 there is a g E Ž .Ž . such that f ) g r s 0, and, consequently, f f UCV. Ž . The condition 6 is verified directly by Theorem 1, whereas Corollary 1 implies the sharpness of the constant. w x Remark 2. This result was earlier obtained in 5, Theorem 1 , where the authors used quite an elementary estimate and verified the sharpness of the condition for the functions with negative coefficients.
We can also deduce a sufficient condition for f g A A to be in UCV of the ϱ 2 < Ž .< form Ý n a f F 1r2, with the sharp constant 1r2. It is of interest ns 2 n to compare this condition with a well-known convexity condition 
Ž .
on the segment 0.8 F F 1.3.
Ž . The proof follows by usual differentiation and in view of the inequality 0 -cos x F x y1 sin x, 0 -x F r2.
Ž . Proof of Theorem 2. Let us write the criterion 1 of uniform starlikeness in the form
w x As it is observed in 3 , by the minimum principle it is sufficient to verify < < < < < < the condition for z s ; therefore, we may assume that s z, s 1. Hence from the definition of the dual set the first assertion immediately follows.
Ž . Now, by setting s exp 2 i , yr2 F F r2, we write
where A s sin nrsin , B s y2n sin n sin n y 1 rsin , C s n . Ž . Ž .
2
Let us maximize F ␣ for all ␣ g R. Note that lim
for any . In the same way it is easy to see that for B s 0 we have Ž .
-cos q y1 sin rn F y1 sin , 7 Ž . Ž.
because cot -1r , 0 -F r2, and cos
Ž . sin r n y 1 G n y 1 2r sin r2 s 2 n y 1 .
Ž . by virtue of Lemma 1 and 7 we obtain
Ž . Ž . 2 Ž and, obviously, from R F 1 q sin nrn sin we infer that for r n n .
Ž . Ž . y 1 F F r 2 the function R F 1.25 -S 1 s 1.5769 . . . -M, and n ' the proof of the estimate C F M n is complete. n Ž . Now we study S for 0 F F . Since inequality a q b F a q b, where a, b G 0, we get S F 1 
Ž .
Ž . Thus the maximum of S is attained on the interval 0. Ž .
Ž . a For 0.8 F F 0.9 the functions cos , cos 3 , and sin 3 decrease, while sin increases. In particular, we have y cos q 9 cos 3 ) y cos 0.8 q 9 cos 2.4 s 5.93 . . . ) 0,
3 Ž . whence y cos q 9 cos 3 G y0.8 cos 0.8 q 9 cos 2.4 s 3.04 . . . . Similarly, 2 6 sin q 9 sin 3 F 0.9 2 6 sin 0.9 q 9 sin 2.4 s 8.73 . . . ;
Ž . Ž .
6 cos y cos 3 G 6 и 0.8 cos 0.9 y cos 2.4 s 6.52 . . . ; Ž . Ž . ' n n n 0 F F r 2 n Ž . 
